Abstract: Basic notions of the system multi-state reliability analysis are introduced. The multi-state series system with degrading components is defined and its exact reliability function is determined. The limit reliability function for large multi-state systems is introduced. An auxiliary theorem on limit reliability function of a large multi-state series system, which is necessary for its approximate reliability evaluation, is presented. On the basis of this auxiliary theorem some corollaries are formulated and proved and then applied to approximate reliability and availability determination of a large multi-state series system. Evaluations are given of a multi-state system reliability function, its mean lifetimes in the state subsets and their standard deviations, mean value and variance of the lifetime up to and the number of exceeding the system reliability critical state and its availability coefficient. The cost analysis of a multi-state series system is performed as well. The results are applied to a large telecommunication network reliability, availability and cost analysis.
Introduction
Many technical systems belong to the class of complex systems as a result of the large number of components they are built of and their complicated operating processes. Taking into account the importance of the safety and operating process effectiveness of such systems it seems reasonable to expand the two-state approach to multi-state approach in their reliability analysis considered for instance in [1] - [5] . These more general and practically important complex systems composed of multi-state and degrading in time components are considered among others in [2] and [5] . An especially important role they play in the evaluation of large scale technical systems reliability and safety is defined in [3] . The assumption that the systems are composed of multi-state components with reliability states degrading in time without repair gives the possibility for more precise analysis of their reliability, safety and operational processes' effectiveness. This assumption allows us to distinguish a system reliability critical state to exceed which is either dangerous for the environment or does not assure the necessary level of its operational process effectiveness. Then, an important system reliability characteristic is the time to the moment of exceeding the system reliability critical state and its distribution. This distribution is strictly related to the system multi-state reliability function that is a basic characteristic of the multi-state system. In the case of large systems, the determination of the exact reliability functions of the systems and the system risk functions leads us to very complicated formulae that are often useless for reliability practitioners. One of the important techniques in this situation is the asymptotic approach [3] to system reliability evaluation. In this approach, instead of the preliminary complex formula for the system reliability function, after assuming that the number of system components tends to infinity and finding the limit reliability of the system, we obtain its simplified form. In the paper, there are some applications of the presented theoretical results on large multi-state series systems applying to the evaluation of reliability and availability characteristics and cost analysis of a large telecommunication network.
Multi-state systems with ageing components
In the multi-state reliability analysis to define systems with degrading (ageing) components we assume that: -E i , i = 1,2,...,n, are components of a system, -all components and a system under consideration have the state set {0,1,...,z}, , 1 ≥ z -the state indexes are ordered, the state 0 is the worst and the state z is the best, -T i (u), i = 1,2,...,n, are independent random variables representing the lifetimes of components E i in the state subset {u,u+1,...,z}, while they were in the state z at the moment t = 0, -T(u) is a random variable representing the lifetime of a system in the state subset {u,u+1,...,z} while it was in the state z at the moment t = 0, -the system state degrades with time t without repair, -e i (t) is a component E i state at the moment t,
given that it was in the state z at the moment t = 0, -s(t) is a system state at the moment t,
given that it was in the state z at the moment t = 0. The above assumptions mean that the states of the system with degrading components may be changed in time only from better to worse. The way in which the components and the system states change is illustrated in (Fig. 1 
where
is the probability that the component E i is in the state subset } ,..., 1 , { z u u + at the moment t, ), , 0 ∞ ∈< t while it was in the state z at the moment t = 0, is called the multi-state reliability function of a component E i .
is the probability that the system is in the state subset } ,...,
while it was in the state z at the moment t = 0, is called the multi-state reliability function of a system.
Definition 3. A multi-state system is called series if its lifetime
is given by
The above definition means that a multi-state series system is in the state subset } ,..., 1 , { z u u + if and only if all its components are in this subset of states. It is easy to work out that the reliability function of the multi-state series system is given by 
i.e. if its components E i have the same reliability function
The reliability function of the homogeneous multi-state series system is given by
Reliability of large multi-state systems
In the asymptotic approach to multi-state system reliability analysis we are interested in the limit distributions of a standardised random variable
where T(u) is the lifetime of the system in the state subset } ,...,
are some suitably chosen numbers, called normalising constants. And, since
is the multi-state reliability function of the system composed of n components, then we assume the following definition.
Definition 5. A vector
is called the limit multi-state reliability function of the system with reliability function R n (t ⋅ , ) if there exist normalising constants ,
where C ℜ(u) is the set of continuity points of ℜ(t,u).
Knowing the system limit reliability function allows us, for sufficiently large n, to apply the following approximate formula
In proving facts on limit reliability functions of homogeneous multi-state series systems we can apply either directly Definition 5 or the following lemma [3] .
, is the reliability function of a homogeneous multi-state series system defined by (1)-(2), Reliability, availability and cost analysis….. Analiza niezawodności, gotowości i kosztów dużych systemów…..
is the multi-state limit reliability function of this system, i.e.
if and only if
Direct application of Definition 5 or Lemma 1 results in the following corollary.
Corollary 1.
If the homogeneous multi-state series system is composed of components having exponential reliability functions
and a n (u) = , ) (
is its limit reliability function. Motivation: Since for each fixed u we have a n (u)t + b n (u) < 0 for t < 0 and a n (u)t + b n (u) ≥ 0 for t ≥ 0, then R(a n (u)t + b n (u),u) = 1 for t < 0 and
Hence, considering (3), we get
which by Definition 5 completes the proof.
Availability of large multi-state systems
The following two corollaries based on Lemma 1 and Corollary 1 are justified in [6] .
Corollary 2.
If the components of the homogeneous multi-state renewal series system with the ignored time of renewal have exponential reliability functions, then the mean value and the variance of the number of exceeding the critical reliability state r during the time , t , 0 ≥ t are respectively given by where r is a system reliability critical state, then: i) the mean value and the variance of the number of exceeding the critical reliability state r during the time , t , 0 ≥ t are respectively given by 
Now, we additionally assume that the system is renewed (repaired) after failure, its renewal time is ignored and the cost of the system singular renovation is . θ given in Corollary 3 by (9) and (11).
Reliability, availability and cost analysis of large telecommunication network
We consider a part of a city telecommunication network composed of 2500 = n telephone subscribers' cables linked by the head of distributive cables. And, we deal with the reliability and availability evaluation of the system composed of telephone subscribers' cables only, further also called a telecommunication system.
Reliability of telecommunication network
We assume that the components of the telecommunication system are fivestate (z = 4) and have exponential reliability functions ) , ( ⋅ 
